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HH®OPMAILIMSA HA PYCCKOM

BCTYIIUTEJIbHBIE UCIIBITAHUA

3aunciienne Ha nporpaMMmy «Mathematicsy MpoUCXOOUT MO KOHKYPCY Ha OCHOBaHUU pe3yJIbTaTOB
BCTYNUTEJIbHBIX MCIBITAHUE, KOTOPBIE COCTOAT U3 MMChMEHHOT0 3K3aMeHa 10 MaTeMaTHKe U KBaJIu-
(UKaMOHHOTO TecTa MO aHTJIMHCKOMY S3BIKY.

TecT 10 aHIIMHCKOMY OI[eHMBAETCS KaK «CIAaHHBIN» MJI «HE CAaHHbIiY. K BCTyMUTEIbHOMY KOHKYP-
Cy [OIyCKalOTCA TOJIbKO aOUTYpPUEHTHI CAABIINE TECT, ¥ B 3TOM CJIydyae pe3yJibTaT TecTa He BJIUsET
Ha JjaJipHelllee MpoX0oX/JeHre KOHKypca.

OK3aMeH MO MaTeMaTUKe COCTOUT B pellleHNHU ceMu 3agay u gumurtcsa 300 MuHyT. Bkjiag B OLiEHKY,
KOTOPBIN TaéTcs 3a MOJIHOE pellleHre Kaxo! 3ajauu, yKa3bslBaeTcs B eé ycioBud. [1oJiHOe penieHue
Bcex cemu 3aAau oueHusBaercA B 100 6amioB. K BCTynuTeIbHOMY KOHKYPCY AOIYCKAKOTCA TOJIBKO
abutypueHThl, HaOpaguiue 6osiee 20 6aJIOB. YYaCTHUKU KOHKypCa YIIOPAA0YMBAIOTCSA IO yOBIBAaHUIO
yucjia HabpaHHBIX 6aJLJIOB.

I[TPOrPAMMA 3K3AMEHA I10 MATMATHUKE

or MOCTYIIAOIUX MpeAroJjiara€TcAa BjaagAeHue CJIEAYIOIIMMY TeEMaMU:

o DJileMeHTH KOMOUHATOpUKHU (coueTaHus, IIepecTaHOBKU) U TEOPUM BEpPOATHOCTe! (He3aBUCH-
MOCTb, YCJIOBHbIE BEPOSITHOCTH).

o [IpepeJipl ocjefoBaTeIbHOCTEN 1 Ipefesibl PYHKIUM, CXOAUMOCTD PAIOB.

o I'pyniibl, NOATPYNIIBL, CMEXHBIE KJIACCH, roMOMOp¢u3Msbl, ¢pakrop rpynmnsl. Knaccudukanus
KOHEYHO NOPOXIAEHHBIX abesieBhIX rpynmn. IlpuMepsl rpynn: cMMMeTpUYecKre M 3Hakolepe-
MEeHHBbIe TPYMIbl, IPYNIbl CUMMETPHUI reoMeTpuieckux GUryp, MaTpuyHble TPyINIbl, TPYIIIIE
BBIYETOB.

o Kouniia, ugeansl, paktop KoJsiblia. Kuratickas TeopeMma 06 ocraTkax. EBKJIUIOBH KoJiblla, (Ppak-
TOpUasIbHOCTb. OGpaTHUMEbIe, TPOCTHIE K HEITPUBOAVMBIE 3JIEMEHTHI, IPOCThIe U MaKCHUMaJIbHbIE
upaeassl. [IpuMepsl KoJiell: KOJiblia MaTpull, KOJIbI[a MHOTOYJIEHOB U CTENIeHHBIX PANOB, KOJIbIla
BBIUETOB, FAyCCOBHI I]eJIble UKcJia.

o Ilosia, romoMOp®U3MBl TIOJIEN, XapakTepucTuka. [IpocTeie pacmmpeHus moJiei. Ilojle Kom-
MJTEKCHBIX yrces. OnurcaHvie U MpUMephl KOHEYHBIX MOJIEN.

o BekTopHBIe IpOCTpPaHCTBAa U JIMHElHbIe 0TOOpaxeHus, 6a3uckl, pa3MepHOCTh. Pelienne cucteM
JIMHENHBIX ypaBHEeHU. XapaKTepUCTUYeCKUU U MUHUMAJIbHBIN MHOTOYJIEHB MaTpPULIBI, TOX-
nectBo 'amunbToHa — Kanu. JKopmaHoBa HopMasibHasA popMa KOMILJIEKCHON MaTpuIlbl. Beranc-
JIeHVEe aHaJIMTUYeCKNX QYHKIUNI OT MaTpUIl.

o BusmHeliHble 1 KBaJipaTUuHble GOPMBI, OPTOroHaIM3aluA, MHAEKC BellleCTBeHHOI KBaApaThy-
HOU dopMbl. EBKJIMIOBa reomMeTpus npocTpaHcTBa R™: HepaBeHCTBa TpeyrosbHUKa 1 Ko —
BynskoBckoro —IIBapa, paccTosHIE OT TOYKH JI0 NOANPOCTPAHCTBA, YTIJIBl MEXAY NPAMBIMU
Y TUINEPIUIOCKOCTAMM, eBKJINAO0B 00BbEM Napasuiesienuneja U CUMILIEKCa.
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o AdduHHBIE 1 TPOEKTUBHBIE IPOCTPaHCTBA. ApPHHHBIE 1 TPOEKTUBHBIE OTOOpaxeHus. I11oc-
KHe KpUBBble BTOPOTO nopsAka (KOHUKH).

o OTKpBIThIE, 3aMKHYThI€ 1 KOMITAKTHbIE TIOJJMHOXecTBa B R", BCIOly ILJIOTHBIE U HUTE HE ILJIOT-
Hble MHOXXecTBa. Tomojiornyeckyie IPOCTPAHCTBA: KOMIIAKTHOCTD, CBSA3HOCTh, BHYTPEHHOCTD U
3aMbIkaHUe. HenpepsiBHBIE OTOOpaXeHNs, paBHOMEpPHAas HENPEPHIBHOCTh, PAaBHOMEPHAs CXO-
auMocThb. TeopemMa 0 MPOMEXyTOYHOM 3HAaUE€HUM HETPEPhIBHOU (QYHKIIUH.

o HakpeiTHsA, rOMOTONNHU, TPUAHTYIALNY, GyHAaMeHTaabHasA rpynna.

o I[IpousBoaHas u quddepennuan oroopaxkenus R™ — R, Teopema 0 MPOU3BOJHON CJIOXKHOM
dyukuun. Pan Teiinopa, cnocoOB HaXOXAEeHUA S3KCTPEMyMOB, MHOXUTeNN JlarpaHxa.

o Mepa u unrerpas Jle6era B R". Teopema ®y6uHu. BoruricieHre JJIMH KPUBBIX U IJTOMIAAEH
[IOBEPXHOCTEH NP ITOMOIIY UHTerpasios.

o KowmmnnekcHas npousBoaHasa ¢yHkuuu C — C, ronomopdusle pynknuu. Uuterpan Komu, Teo-
peMma o Beiuerax. Jlemma IllBapua.

o TeopeMa cym[ecTBOBaHUS U eIMHCTBEHHOCTH pellleHNs 0ObIKHOBEHHOTro AuddepeHnnaabHOro
ypaBHeHus. PelleHne ypaBHeHU! ¢ pa3fesiaiolMICcA IepeMeHHBIMY, JINHENHBIX YpaBHEeHUN
[IepBOT0 U BTOPOI'O MOPSAAKOB, OQHOPOJHBIX YpaBHeHUN. YpaBHeHNA € YacTHBIMHU IIPOU3BO/I-
HBIMU [1epBOT0 MOPsIKA, METOM XapaKTepUCTUK.

PEKOMEHAYEMBIE YYEBHHUKH HA PYCCKOM

B. U. ApHosnba, O6bikHOBeHHble dudepeHyuaTbHble YpasHeHus, xesck: PX]T 2000.
B. U. ApHoub, Jlekyuu 06 ypagHEeHUAX € 4aCMHbIMU NPou3800HbiMu, M: ®azuc 1999.
3. B. Bunbepr, Kypc aieebput, M: ®aktopuan 1999.

O. A. Bupo, O. A. UaHoB, B. M. Xapiamos, H. 10. Heuperaes, Jsiemenmapraa monoioeus, CIII'Y
2007.

HU. M. T'enbdang, Jlekyuu no suHetiHol aneebpe, M: Hayka 1971.

A. JI. TopopeHiieB, AyceOpa. YuebHux 01 cmydeHmog-mamemamuxod. Yacmu I, 11,
http://vyshka.math.ru/pspdf/textbooks/gorodentsev/algebra-1.pdf,
http://gorod.bogomolov-lab.ru/ps/stud/algebra-3/1415/algebra-2 2015.VI.15.pdf.

A. JI. TopopeniieB, 'eomempus,
http://gorod.bogomolov-lab.ru/ps/stud/geom ru/1617/lec_total.pdf.

B. A. 3opuu, Mamemamuueckutl aHatuz, M: MITHMO, 2007

A. H. Konmoropos, C. B. ®omuH, Jemenmst meopuu pyHkyuil u yHKYUOHATbHO20 aHastu3a, M: Ha-
yka, 1976.

B. B. IIpacosios, B. M. Tuxomupos, I'eomempusa, M: MITHMO, 1997.

b. B. [llabat, BeedeHue 8 KomMIUtekcHblli aHatus, Jlaub, 2004.
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3AJAYH OJIA IOATOTOBKHU K DK3AMEHY ITO MATEMATUKE

3AIAYA 1. HatiuTe KOJIMYECTBO JIEBATU3HAUYHBIX YMCEJI C HEYeTHON cyMMON nudp.

SAI[ALIA 2. HaﬁﬂHTe MaKCHUMaJIbHOE€ BO3SMOXHO€ YHCJIO TOYEK IIEpECEUYCHUA ﬂHaFOHaﬂeﬁ Y BLHIIIYKJIO-
ro n-yroJibHHKa.

3AIAYA 3. TIpu nmepBoM Opocke Mo KoJibly 6ackeT6osrct KocopykoB Bcerga romagaer, IIpyu BTO-
POM — MPOMAXHUBAETCSA, a MPU KAXOM MMOCJIeAyIomneM Opocke BepOATHOCTh NOMAAaHNsA paBHA TPoO-
I[eHTHOU [10Jie ylcJia monaJaHuil BO BceX MpeblAynux Opockax cepun. KakoBa BeposATHOCTh TOTO,
YTO B CEpUU 13 cTa 6pockoB OymeT poBHO 50 momagaHuii?

3AOAYA 4. MoxerT j1u rpymmna ObTh 00beJHEHNEM [IBYX CBOUX NOATPYMNI, OTJIMYHBIX OT €JUHUIIHL U
BCell IpynIb?

3AJAYA 5. CKOJIBKO TIepecTaHOBOK B CHUMMETPHUUYECKOU IPYTIIe S, ABJIAITCA MPOU3BeIeHUAMU JIBYX
PA3JIMYHBIX TPAHCIO3ULIH?

BAZIAYA 6. [l mepectaHoBku 0 = (32345 ¢) € Sy Boruncsmre 02018,
3AIAYA 7. Ckosibko aBTOMOP(}U3MOB y abesieBoli rpynnsl Z/(2) @ Z/(2)?
3ANIAYA 8. Haiigure nopsaku rpynn GL, (Fy) u SL,, (F,) Han q-snemeHTHBIM nosiem .

3ATAYA 9. ECcTb i B I10JI€ M3 BOCBMM 3JIEMEHTOB MOAIOJIe U3 YeThIpeX 3JIEMEHTOB?

3AAYA 10. HaiiguTe Bce oOpaTuMble 3JIEMEHTHI B KOJIbIlE LIEeJIbIX IayCCOBBIX YKCeI
ZIV-1l={a+bVv-1€C|a,beZ}.

3AIAYA 11. MakcumasieH Jiu ujiea, MOPOXIEHHBIN 3JIEMEHTOM X B KOJIbIlE
A) C[x] B) C[[x]] B) Z[[x]]?

3AIAYA 12. fBjidgeTca id 2 A) IPOCTBIM B) HENPUBOAUMBIM 3JIEMEHTOM KOJiblla
72[V5] = {(a+bV5 eR| a,b e Z}?

3AZIAYA 13. IIpusoauM u Haj nosieM Q MHorowneH A) x3 + 27x%2 4+ 5x +97 B) x* +47?
3AOAYA 14. CKOJIbKO pellleHuli nMeeT ypaBHeHUe xyz = 2 -3 -5 -7 - 11 B HaTypaJIbHbIX YHCJIax?

3AOAYA 15. Hafijute KyOMYeCKUI MHOTOYJIEH C HeJhMU KoddduimeHTaMu, KOPHIMA KOTOPOTO
ABJIAIOTCA KBAApaThl KOPHel MHorouteHa x3 + x2 — 2x — 1.

3AIAYA 16. Yemy paBHO Npou3BeJieHNe ONapHBIX Pa3HOCTEN BCeX KOMILJIEKCHBIX KOpPHEN CTelneH!
n U3 eJUHUIIBI?

3AIAYA 17. KoHe4YHO JI1 MHOEeCTBO Pa3jIMYHBIX BiIoXeHUH nosda R B nose C?
3AOAYA 18. MOXHO JIM I[UPKYJIeM U JIMHENKO! MOCTPOUTD ITPaBUJIbHbIN 14-yrOJIbHUK?

3AIIAYA 19. CymiecTByeT JI MaTpHIla C XapaKTEPUCTUIECKUM MHOTOYWIEHOM y(t) 1 MUHMMAaJIbHBIM
MHorousieHoM u(t) s

A) x(t) = (t° = 1), ut) = (¢* = 1)

B) x(t) = (t — 1)?(t — 2)%, p(t) = (t — 1)(t - 2)



B) x(t) = (t = D°(t = 2)°, u(t) = (t = D*(t = 2)°?
Ecnu fa, To npuBeuTe AIBHBIM IPUMeEpP TaKOU MaTpUILIBL.

3AIIAYA 20. HaiiguTe MUHUMAJIbHBIA MHOTOWIEH KBAPATHON N X . MaTPUILIBI

0 0 0 a4
1 0 : :

0 1 0 ap_s
oo o 0 apq
o - 0 1 a,

3AIAYA 21. JIoKkaxuTe, YTO BCAKOE OTKPHITOE MOAMHOXecTBO B R™ mpe/icTaBiisieTcs B Bue o0bequ-
HEeHHUA CYETHOTrO YMCJIa 3aMKHYTEIX MHOXECTB.

3AJAYA 22. PaBHOCWJIbHA JIM 3aMKHYTOCTh KaXKI0ro u3 noaMHoxecTB A, B C R 3aMKHyTOCTU UX
npoussenenus A X B C R??

3ATAYA 23. JIJist BCAKOIO JIM 3aMKHYTOro moamuoxecTBa C C R™ HaiiAETcs Takas MocjeoBaTe  b-
HocThb x . N — (, uTo Kaxmas Touka MHOXecTBa C sBJIAETCA €€ YaCTUYHBIM IIpedesiomM?

3ATAYA 24. JTokaxwuTe, YTO KaXABIHA HEMOCTOSHHBIN MHOrouwieH f € C[x] 3amaér co6erBerHoe!

otobpaxenue f : C — C.

(e8]

3AIOAYA 25. C TouHocTsio 1o 0, 01 BeIUMCIUTE Z
n=1

1

n3’

3ATAUA 26. Haliute GyHOaMeHTaIbHYIO IPYIILY TOIIOJIOrNYeCKOro IPOCTPAHCTBA, MOJIyYeHHOT0 U3
JIBYMEPHOT'0 TOpa OTOXAECTBJIEHNEM KaKUX-TO JBYX €r0 Pa3IMYHbIX TOYEK B OJHY.

3AJZIAUA 27. CymecTByeT JIM Takas HenpephiBHas ciopbeknua f © R? - [0, 1], uto npoo6pas f~1(x)
moboro x € [0, 1] orpannuen? Moxet Jiu f OBITH MOHOTOHHOI??

3AAYA 28. JlokaxwuTe, 9yTo lim sup sin(nx) = 1 g4 mouyTtu Bcex mo mepe JleGera 3HaueHuit x € R.
n—-oo

3AAYA 29. EcTb Jiu dj1eMeHT 6eCKOHeYHOro nopsigka B GpyHAaMeHTaJIbHO TpyIine IMpoCTpPaHCTBa
R3\ X, rae X sBydeTca oObeAUHEHUEM OCH Z, TOUYKH (3, 3, 0) U e JUHIYHOI OKPY>XXHOCTH x? + y2 =1
B IJIOCKOCTH X,y ?

3AIAYA 30. Besakas iu HenpephelBHO auddepennupyemas ¢yHkius R — R npeacrasiisieTcs B Buje
Pa3HOCTHU ABYX CTPOTO BO3PACTAIOIINX HENPEePHIBHBIX QYHKIANI?

3A0AYA 31. JokaxwuTe, 4TO AJis Jiioboi mHTerpupyemon gyHkium f : R — R cymectByer Takoe
t 1
1
yuciio t € [0, 1], uto /f(x) dx = > /f(x) dx.
0 0

3AAYA 32. 1714 NpOU3BOJIBHO 3aJJaHHBIX KOMILJIEKCHBIX N X n MaTpul] 4, B BeruncauTe 3HauYeHUe

IT. e. mpu KOTOpPOM IPOO6PA3 JIOGOr0 KOMITAKTA KOMITAKTEH.
2B TOM cMBICITe, 9TO TIOJIHHIH POO6PAa3 IGO0 CBA3HOrO MHOXECTBA CBA3CH.



npu x = y = 0 cMelIaHHOI IPOU3BOIHOM 02 f /dxdy MaTpu4HO 3HaYHOH GyHKIMH f(x,y) = eX4TVE,

3AIAYA 33. [TycTh aJis moutu BeloAy! auddepennupyemoii dyHknuu f © R — R mOUYTH BCIOAY BhI-
noJiHseTcs paBeHCTBO [ (x) = 1. Ciiegyet s otciona, uro f(1) — f(0) = 1?

3AIAYA 34. Beiunciaure /max(xl, vy Xp)dxqdx, ... dx, moky6y 0 < x; < 1,1 <i<n,BR".

3AIAYA 35. CyliecTBYIOT JI1 TaKue raafkue GyHKIuH fi, fo, f3 : R — R, 4T0 MHOXECTBO

X={xeR | fi(x) = fox) = fa(x) = 0}

roMeoMopdHO BellleCTBEHHOI NMPOEeKTHUBHON IUIOCKOCTU U fuddepeHiansl GyHKUU fq, f,, f3 1u-
HeTHO He3aBHCHUMBI B KO TOUKe MHOXecTBa X ?

3AIAYA 36. Berunc/inTe MHTErpas / e~9%) dx, ... dx, 1A NOJOXHUTEIbHO OMpeaesIeHHOI KBajl-
RTL
patuuHOi (opmbl q(x) = xAxt, rne A = A' BemecTBeHHass CUMMETPUYHAA N X N MaTpUILa, X =

(x1,X2,...,%p) € R™,

3AMAYA 37. JlokaxuTe IJis1 roJioMopdHOH B equHUYHOM Aucke |z| < 1 dyHKIuu f paBeHCTBO

/f(X)dx= /f(Z)ln(Z)dz,

[0,1] lzl=1

re cjieBa UHTerprupoBaHue BeJETcs o MpsAMoJinHeliHoMy oTpe3ky [0,1] € R c C, a cnpaBa — no
€IMHUYHOUN OKPYXKHOCTU, 00XOUMOI OJWH pa3 MPOTUB YaCOBOM CTPEJIKU, HauuHas ¢ Touku 1 € C,
u jJorapudmM AefCTBUTEJIEH Ha MOJIOXKUTEIbHON II0JIyoCcH BelecTBeHHO! npamMoil R C C.

SAﬂALIA 38. H3BecTHO, 4TO BCe KOPHH KOMIIJIEKCHOT'O MHOT'O4YJIEHA UMEIOT ITOJIOXKUTEJIbHYI0O MHVMMYIO
49acCThb. I[OKEDKI/ITC, 4YTO BCE KOPpHU €TI0 HpOH3B0,E[HOfI TOX€ MMEKT IMMOJTOXUTEJIbHYI0O MHUMYIO 4aCThb.

3AZIAYA 39. JlokaxuTe, 4YTO cymMa BerueToB 1-popmsl dz/f(z) mo BceM KOMILJIEKCHBIM KOPHSAM MHO-
rouwleHa [ € C[z] paBHa Hym10, eciiu deg f > 2. BepHo ju 310, Korga deg f = 17?

elkx

de,r;[ei= \/—1€C,kEZ.

3ANAYA 40. Berunciure uHTErpa / 1

—0o0
3AJZIAYA 41. JlokaxuTe, 9TO JJIA JIIOGON YeTBEPKY KOJUIMHEAPHBIX TOYEK P, P2, P3, P4 B R? 1 MHO-

TOYJIEHOB BTOPOH CTENEHH f1, f, f3, fa € R[x, y] onpenenuresns 4 X 4 matpunpl det(f;(p;)) = 0.

3AIAUA 42. MOTyT J1 OKPYXHOCTb U Mapa6oJia Ha eBKJIN/I0BOI TIockocTu R? mepecekaThcsi POBHO
B JIByX TOYKaX TaK, YTO B OJIHON U3 HUX OKPYXKHOCTh KacaeTcs napaboJisl, a B Ipyroil — HeT?

3AAYA 43. CocTaBbTe 0OBIKHOBEHHOE AuddepeHIajibHOe YpaBHEHNE, KOTOPOMY VOBJIETBOPSIOT

BCe OKPYXHOCTH Ha IJIOCKOCTHZ.

3AOAYA 44. Hatigute cucteMy aqud@epeHIiaabHbIX YpaBHEeHUI BTOPOro opsaaka

0=7r1(,9,0,9)
¢ =g, 9,0,9)

Mo mepe JleGera.
ZpaccMaTpuBaeMsle JTIOKAIBHO, BOJIM3U TOUEK C HEeBePTHKAIbHBIMI KAacaTeIbHBMHU, KaK rpaduKy QYHKIHMIHA OT OHOIM
rnepeMeHHOM



Ha MOJIAPHBIE KOOPAMHATH B IJIocKocTH R?, pelieHus KOTOpPOii B AeKaPTOBBIX KOOPAUHATAX (X, V)
uMmerT Buag x = at+ b, y = ct +d, raoe a, b, ¢, d — NpoOU3BOJIbHEIE BENeCTBEHHBIE TTOCTOSHHBIE,

3AJAYA 45. HaiiauTe mpou3BOAHYIO OT penieHus quddepeHITNaIbHOTO0 ypaBHEHUA

¥—Xx+0x=te?

¢ HavasbHBIM yesioBueM x(0) = 1, x(0) = 0 mo mapametpy 0 nipu 6 = 0.

INFORMATION IN ENGLISH

ADMISSION

Admission tests for the Master of Science programme «Mathematicsy include a written exam in Math-
ematics and a qualifying English language test.

The results of English language test are accounted for as pass or fail only, and are not used for ranking
those candidates who pass the test.

Mathematics exam lasts 300 minutes and consists of solving seven problems. The contribution of
every problem to the final mark is specified in the formulation of problem. The complete solution of
all seven problems worth in sum 100 points. The lowest passing grade for the exam in Mathematics
is 21. The candidates passing the exam are ranged in decreasing order of the result.

PROGRAM OF THE MATHEMATICS EXAM

All candidates are supposed to be holding the following subjects:

o Basics of combinatorics (combinations, permutations, multinomial coefficients) and probability
theory (independence, conditional probabilities).

o Limits of sequences and limits of functions, convergence of series.

o Groups, subgroups, cosets, homomorphisms of groups, quotient groups. The classification of
finitely generated commutative groups. Basic examples of groups: symmetric and alternating
groups, symmetry groups of figures, matrix groups, groups of residues.

o Rings, homomorphisms of rings, ideals, quotient rings. The Chinese Remainder Theorem. Eu-
clidean rings, the unique factorization property. Invertible, prime and irreducible elements,
prime and maximal ideals. Basic examples of rings: matrix rings, polynomials and formal
power series, residues, the Gaussian integers.

o Fields, homomorphisms of fields, characteristics. Simple field extensions. The field of complex
numbers. The description and examples of finite fields.



o Vector spaces and linear maps, bases, dimension. The solution of systems of linear equations.
The characteristic and minimal polynomials of a matrix, the Cayley —Hamilton identity. The
Jordan normal form of a complex matrix. The evaluation of analytic functions at a matrix.

o Bilinear and quadratic forms, the orthogonalization, the index of a real quadratic form. The
euclidean geometry of the space R™: the triangle and Cauchy — Bunyakovsky — Schwarz inequal-
ities, distances between points and subspaces, angles between lines and hyperplanes, euclidean
volumes of parallelepipeds and simplexes.

o Affine and projective spaces. Affine and projective maps. Plane curves of degree two (conics).

o Open, closed, and compact subsets of R", dense and nowhere dense sets. Topological spaces,
the compactness, connectivity, interior, and closure. Continuous maps, the uniform continuity,
the uniform convergence. The Intermediate Value Theorem.

o Coverings, homotopies, triangulations, the fundamental group.

o The differential of a map R™ — R", the Chain Rule. The Taylor series. Methods of finite-
dimensional optimization, Lagrange’s multipliers.

o The Lebesgue measure and integral in R". The Fubini Theorem. Computations of arc lengths
and surface areas by means of integrals.

o The complex derivative of function C — C, holomorphic functions. The Cauchy integral, the
Residue Theorem. The Schwarz Lemma.

o The Existence and Uniqueness Theorem for ordinary differential equations. Solution of ODEs
with separable variables, linear ODEs of the first and second order, homogeneous ODEs. Partial
differential equations of the first order, the method of characteristics.

RECOMMENDED TEXTBOOKS IN ENGLISH

V. Arnold, Ordinary differential equations, Springer 2006.

M. Artin, Algebra, Addison Wesley 2010.

A. L. Gorodentsev, Algebra I, II. Textbook for Students of Mathematics, Springer 2016, 2017.
I. Kaplansky, Linear algebra and geometry, Dover Publications 2003.

J. Munkres, Topology, Prentice Hall 2000.

W. Rudin, Real and complex analysis, McGraw-Hill 1986

PRACTICE PROBLEMS FOR PREPARATION TO THE MATH ENTRANCE EXAM

PROBLEM 1. How many 9-digit numbers have an odd sum of digits?

PROBLEM 2. Mr. Crookedarm, the famous basketball player, makes a series of 100 shots. When
shooting the first ball, he makes it to the basket; when shooting the second, he misses. For all
subsequent shots, the probability of a success is the number of previous successful shots divided by
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the number of all shots already made. What is the probability that he misses the basket exactly 50
times?

PROBLEM 3. Find the maximal possible number of intersection points between the diagonals of a
convex n-gon on the plane.
PROBLEM 4. For the permutation 0 = (123435 ¢) € Sg, compute 62?8,

PROBLEM 5. How many elements of the symmetric group S,, are represented as a product of two
different transpositions?

PROBLEM 6. Can a group split in a union of two subgroups other than the identity and the whole
group?

PROBLEM 7. How many automorphisms does the abelian group Z/(2) @ Z/(2) have?

PROBLEM 8. Find the orders of matrix groups (A) GL,(Fy) (B) SL,(F,) over the field Fq of q
elements.

PROBLEM 9. Does the field of eight elements contain a subfield of four elements?

PROBLEM 10. Find all invertible elements in the ring of Gaussian integers
ZIV-1]={a+bV-1€Cla,beZ}.

PROBLEM 11. Consider the ideal (x) generated by the variable x in the ring (A) C[x] (B) C[[x]]
(©) Z[[x]]. Is it maximal?

PROBLEM 12. Is the element 2 (A) prime (B) irreducible in the commutative ring
7Z[V5) = {a+bV5€eR| a,beZ)?

PROBLEM 13. Is the polynomial (A) x3 + 27x? + 5x + 97 (B) x* + 4 irreducible over the field Q ?
PROBLEM 14. How many positive integer solutions has the equation xyz=2-3-5-7-11?
PROBLEM 15. Is the set of different embeddings of fields R < C finite?

PROBLEM 16. Is it possible to construct a regular 14-gon by means of a straighedge and a compass?

PROBLEM 17. Find a cubic polynomial with integer coefficients, whose roots are squares of the roots
of polynomial x3 + x2 — 2x — 1.

PROBLEM 18. Compute the product of all mutual differences between the complex n-th degree roots
of unity.

PROBLEM 19. Does there exist a matrix, whose characteristic polynomial y(t) and minimal polyno-
mial u(t) are:

() x(t) = (t° — 1), u(t) = (t> - 1)

(B) x(t) = (t — Dt — 2), u(t) = (t — 1)(t — 2)

(@) x(t) = (t — 1>t — 2)°, u(t) = (t — 1)*(t - 2)°?

PROBLEM 20. Find the minimal polynomial of the square n X n matrix

0O 0 -« 0 a

1 0 - :
01 - 0 ap_2|.
oo o 0 apq

o - 0 1 a,



PROBLEM 21. Prove that every open set in R" is a union of countable family of closed sets.

PROBLEM 22. For two sets A, B C R, is the closeness of A X B in R? equivalent to the closeness of
both sets in R?

PROBLEM 23. For an arbitrary closed subset C C R", does there exist a sequence x: N — C such
that every point of C is a partial limit of this sequence?

PROBLEM 24. Prove that every polynomial f € C[z] produces the proper! map f: C — C.

PROBLEM 25. Does there exist a continuous surjection f : R? - [0, 1] such that the full preimage
f~1(x) of every x € [0, 1] is bounded? Can such a function f be monotonous in the sense that the
preimage of every connected set is connected?

o0
1
PROBLEM 26. Evaluate Z 3 with two right decimal digits.
n=1

PROBLEM 27. For almost all x € R with respect to the Lebesgue measure, prove that

limsupsin(nx) = 1.
n—->oo

PROBLEM 28. Is it possible to write every continuous differentiable function R — R as a difference
of two continuous strictly increasing functions?

PROBLEM 29. Does there exist an element of infinite order in the fundamental group of R3\ X, where
X is a union of the z-axis, the point (3, 3, 0), and the unit circle x? + y? = 1 within the x, y-plane ?

PrROBLEM 30. Find the fundamental group of the topological space obtained from 2D-torus by iden-
tifying two different points on it.

PROBLEM 31. Prove that for any integrable function f : R — R, there exist a number t € [0, 1] such

t 1
that /f(x)dx = %/f(x)dx.
0 0

PROBLEM 32. For a given pair of complex n X n matrices 4, B, evaluate the mixed partial derivative
02f / dxdy of the matrix-valued function f(x,y) = e**VB atx =y = 0.

PROBLEM 33. Let a function f: R — R be differentiable and have f’(x) = 1 almost everywhere
with respect to the Lebesgue measure. Does this imply that f(1) — f(0) = 1? If not, give an explicit
counterexample.

PROBLEM 34. Evaluate the following integral over the unit cube 0 < x; < 1,1 <i < n,in R"

/max(xl, v Xp)dxqdx, ... dxy,.

PROBLEM 35. Does there exist a triple of smooth functions f;, f5, f3 : R® — R such that the set
X ={x € R’ | filx) = fo,(x) = f3(x) = 0} is homeomorphic to the real projective plane and the

!1.e., such that the full preimage of every compact is compact.
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differentials df;, df,, df; are linearly independent at every point of X?

PROBLEM 36. Evaluate the integral / e~ 9™ dyx, ... dx,, for a positive definite quadratic form g(x) =
Rn
= xAx!, where A = At is a real symmetric n X n matrix, x = (x4, X5, ...,X,) € R™.

PROBLEM 37. For a complex function f holomorphic in the unit disc |z| < 1, prove the equality

/f(X)dx= /f(Z)IOg(Z)dz,

[0,1] lzl=1

where, in the left hand side, the integration is performed over the straight segment [0, 1] of real
axis, in the right hand side over the unit circle traversed once starting at 1 in the counterclockwise
direction. The chosen branch of logarithm takes real values on the positive ray o the real line.

PROBLEM 38. All roots of a complex polynomial have positive imaginary part. Prove that all roots
of its derivative also have positive imaginary part.

PROBLEM 39. For a polynomial f € C[z] of degree deg f > 2, prove that the sum of residues of the

1-form dz/f(z) over all complex roots of f equals zero. Is this true, when deg f = 1?
o0
ikx

PROBLEM 40. Evaluate the integral / e dx, wherei =+v-1€C, k €Z.

x2

—0o0

PROBLEM 41. For a quadruple of collinear points p;, py, p3. p4+ € R? and quadratic polynomials
fi» f25 f3» fa € Rx, y] show that 4 X 4 determinant det(f;(p;)) = 0.

PROBLEM 42. Are there a circle and parabola having exactly two intersection points in the euclidean
plane R?, one of which being a point of tangency, and the other a transveral intersection?

PROBLEM 43. Write a differential equation satisfied by all circles' in the plane.
PROBLEM 44. Write a system of second order differential equations on the polar coordinates in R?:

0=7f(0,9,0,¢)
@ =g@,9,0,9),

whose solutions in the Cartesian coordinates (x, y) have the form x = at + b, y = ct + d, where a, b,
¢, d are arbitrary real constants.

PROBLEM 45. Compute the derivative of the solution of differential equation

¥—x+0x=tet

subject to the initial condition x(0) = 1, x(0) = 0 by the parameter 8 for 6 = 0.

lviewed locally, near points with non-vertical tangent lines, as graphs of one-variable functions.
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